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Abstract Granular materials display more abundant dissipation phenomena than ordinary materials.
In this paper, a brief energy ﬂow path with irreversible processes is illustrated, where the concept of
granular temperature Tg, initially proposed for dilute systems, is extended to dense systems in order
to quantify disordered force chain conﬁgurations. Additionally, we develop the concept of conjugate
granular entropy sg and its production equation. Our analyses ﬁnd out that the granular entropy
signiﬁcantly undermined the elastic contact between particles, seriously aﬀecting the transport
coeﬃcients in granular materials and creating new transport processes. c© 2012 The Chinese Society
of Theoretical and Applied Mechanics. [doi:10.1063/2.1202102]
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A granular material is a collection of a large num-
ber of discrete solid particles. If the material is dense,
or if interstitial-ﬂuid eﬀects can be neglected, the par-
ticles will play the greatest role in transport processes
within the material. Each particle will contact a limited
number of neighbors and form so-called force chains,
or granular skeletons, to establish a stable stress state.
Around a contact point, the resultant ﬁnite deforma-
bility can only statically support longitudinal compres-
sion, allowing only small transverse loads to arise. If the
loading changes, some particles will jiggle and slide, i.e.
will brieﬂy lose contact with one another, and a more
appropriate and eﬃcient set of force chains is instantly
re-selected. Figure 1 shows an assembly of photoelastic
particles being slightly penetrated.1 While the penetra-
tion depth is only about 1% of the particle diameter,
the force chain conﬁgurations change considerably from
Fig. 1(a) to Fig. 1(b). This variation would rapidly oc-
cur, causing the associated particles to slide and rotate
so that the corresponding kinetic energy increases.
To understand such complicated mechanical prop-
erties, it is necessary to analyze the underlying physics
that govern granular materials. It is possible to make
preliminary observations about the role played by force
chain clusters under diﬀerent strains. Under small mag-
nitude mechanical excitations, such as shearing, there
is a range of strain over which the granular assembly
is elastic; that is, the bulk deformation is recoverable.
Inside the assembly, the displacement of particles re-
lative to each other is so slight that the displacement
around the contact points is elastic. Thus, the spatial
structure of the force chain clusters is intrinsically re-
coverable, making the granular material behave like a
solid. The underlying mechanism of granular plasticity
is simple for low shear rates, consisting of topological
events that rearrange particles; i.e. contacts opened and
closed by relative sliding or rolling which leads to an ir-
reversible evolution of force chain clusters. As the mag-
nitude of shearing increases, the yield stress is reached.
a)Corresponding author. Email: qcsun@tsinghua.edu.cn.
Fig. 1. An assembly of photoelastic particles being pene-
trated to a depth of 1% of particle diameter, causing a
change in force chain conﬁguration from (a) to (b). (This
photoelastic experiment was conducted at Tsinghua Univer-
sity.)
Beyond this point the irreversible plastic evolution of
the force chain clusters continues indeﬁnitely and the
system begins to ﬂow like a ﬂuid. To bridge the macro-
scopic quantities (such as velocity, density, stress) with
mesoscopic quantities (such as geometries of particles,
contact forces, and force chain conﬁgurations, etc.), a
multi-scale framework was proposed recently.2
The energy ﬂow scenario is brieﬂy illustrated in
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Fig. 2. The work performed on the system is par-
tially dissipated into heat (corresponding to increased
entropy density s, marked as 2©), while the remaining
work is stored in particles as both elastic and kinetic
energy. In rapid ﬂows at large shear rates, the mo-
tion of a particle is believed to be composed of a mean
component and a random component, analogous to the
thermal motion of molecules. The random component
is known as the “granular temperature” Tk ∼ 〈u′2〉,
where u′ denotes the random velocity. The disordered
kinetic energy wg is proportional to ρTk, where ρ is
the bulk density of the granular ﬂow. The concept of
granular temperature or kinetic theory is still applied to
dense granular gases in which no enduring contacts ex-
ist. The Enskog–Boltzmann equation has been used to
obtain constitutive relations for moderately dense gran-
ular gases, which have been successfully applied even to
“very dense” granular gases.3
From the characteristics of force chain clusters tran-
sition, we propose that the elastic energy can be further
separated into ordered and disordered elastic energy. In
a manner similar to Tk, the ﬂuctuations of elastic en-
ergy stored in the constituent particles of force chain
clusters are deﬁned as Te. Note that Te does not include
the elastic energy ﬂuctuations of rattlers, i.e. particles
not engaged in the force network. One of criteria be-
ing a rattler is that its coordination number is smaller
than (D + 1) where D is the system’s dimension. For
rattlers, we believe that the ﬂuctuations in energies are
caused by transient contacts, and further contribute to
random motions of particles. i.e. the ﬂuctuations in
elastic energy of rattlers have already been included in
Tk. There are a few work trying to deﬁne Te, but they
do not consider whether particles form force chains or
act as rattlers.4 It is the major diﬀerence between our
deﬁnition and others. Thus, we introduce a new gener-
alized “granular temperature” by
Tg = Tk + Te, (1)
and Tg is the conjugate of sg, such that Tg ≡ ∂w/∂sg
where w is the system’s energy density.
In granular statics the grains are at rest, the gran-
ular skeleton is ﬁxed, and all particles are still, thus,
Tg ≡ 0 at which the granular entropy reaches its min-
imum value. It is similar to absolute zero which is the
theoretical temperature at which the entropy reaches its
minimum value. In the classical interpretation it is zero
and the thermal energy of matter vanishes. For granu-
lar materials, because of surface frictions and inelastic
contacts between solid particles, the energy associated
with the granular temperature Tg in the process marked
as 3© in Fig. 2 is always dissipated, and sg will quickly
dissipate into s, sg → s. For example, computer simu-
lations of spatially homogeneous systems of hard inelas-
tic spheres show that the granular temperature decays
with time as t−2. To maintain Tg, energy must be con-
tinually added into the disordered energy to balance the
energy lost in dissipative collisions and surface frictions.
Fig. 2. The energy transformation path in a granular ma-
terial. Or. represents ordered energy and Dis. represents
disordered energy; solid lines indicate reversible processes
and dotted lines indicate irreversible processes. At point 2©,
a part of the mechanical energy is converted into heat. For
elastic and kinetic energies, the conversion of the ordered
part to the disordered part is also irreversible (see Or. →
Dis.). In process 3©, Tg represents the ﬂuctuated elastic en-
ergy and kinetic energy. The granular entropy sg irreversibly
relaxes to heat.
Thus, we argue that granular media is transiently elas-
tic; that is, the elastic stress relaxes toward zero with a
given rate. It is this irreversible relaxation that is per-
ceived as a plastic granular ﬂow. Note that, for gran-
ular materials, the random velocities 〈u′〉 are roughly
proportional to the mean velocity gradient and conse-
quently will be much smaller than the mean velocities
of the particles. It is true that the clear deﬁnition of Tg
is not yet well derived for quasi-static deformations and
slow ﬂows. There remain many open problems regard-
ing the extent to which the various temperatures fulﬁll
similar functions as their molecular counterparts.
The average elastic energy is non-zero on the con-
dition that the granular system possesses high density
and endures elastic contact. Jiang and Liu proposed
that5
we = B
√
Δ
(
2
5
Δ2 +
1
ξ
u2s
)
, (2)
where uij is the elastic strain, Δ = −uii, u0ij = uij +
Δ/3, and u2s = u
0
iju
0
ij . Depending on the ratio of the
elastic energy of the force chains to the disordered ki-
netic energy, i.e. we/wg, granular material behavior
may be classiﬁed into quasi-static deformations, slow
ﬂows or rapid ﬂows. In other words, if we/wg → 0, the
ﬂow would be a rapid ﬂow, while once we/wg is greater
than a threshold value, the ﬂow would be quasi-static.
Intermediate values of we/wg would result in slow ﬂows.
Both thermodynamic and granular temperatures
play similar roles in governing the behavior of their
respective motions, since both generate pressures and
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govern the internal transport processes of mass, mo-
mentum, and energy throughout the ﬁeld. In addition
to knowing the mass density ρ, momentum density mi,
and entropy density s to compose the full thermody-
namic state variables required for granular materials,
there are two additional parameters, elastic strain uij
and granular entropy sg, which are necessary. That is,
the full state variable set is {ρ, s,mi, uij , sg}, and the
total derivative of energy w is expressed as5
dw = T d s+μc d ρ+vi dmi−πij duij+Tg d sg, (3)
where μc is the chemical potential, μij is the spatial
derivative of vi, and πij is the conjugate variable of
elastic strain uij where πij ≡ ∂w/∂uij , (Tds+ μcdρ) is
the internal energy, vidmi and πijduij are the ordered
kinetic and elastic energy, respectively, while their dis-
ordered parts are solely represented by Tgdsg.
Entropy is a basic physical quantity that describes
the intensity of the random motion of molecules. In
general, the production of entropy s is written as
∂ts+∇k (svk − fk) = R/T, (4)
where svk is the entropy ﬂow accompanying mass ﬂow
vk and fk denotes entropy production due to other fac-
tors. According to thermodynamics, the production of
entropy is usually expressed as the rate of production
of heat per unit volume divided by temperature T , i.e.
R/T with R ≥ 0. Granular entropy sg is one of the
most confusing concepts in granular materials. When
the interaction among particles is elastic and friction-
less, i.e. no dissipation occurs, sg exhibits the same
behavior as that of s. For inelastic and frictional in-
teractions, the decay of sg is a unique process and the
quantity I is proposed to describe the transformation of
sg to s per unit time. This is denoted as ITg, which is
added to the heat production rate R (see routine 3© in
Fig. 2). Similarly for granular entropy, the local value of
the granular temperature may be aﬀected by its magni-
tude in neighboring areas. This is a conduction exactly
analogous to the thermodynamic conduction in a gas,
resulting in diﬀusion of granular temperature through
the material. Like its thermodynamic counterpart, the
granular temperature is conducted along its gradients
in the direction of diminishing temperature. The pro-
duction of sg can therefore be expressed as
∂tsg +∇k (sgvk − fgk ) = Rg/Tg − I, (5)
where (sgvk − fgk ) is the granular entropy ﬂow and fgk
and Rg/Tg are “heat transfer” and “entropy increase”
variables which satisfy the inequality of Rg ≥ 0, I ≥ 0.
Note that, for elastic and frictionless interactions, I = 0.
The increase of Rg only indicates that more disordered
kinetic energy is being converted from ordered kinetic
energy; there is no heat produced. As a result, the
production rates Rg and Tg are equal to R and T , re-
spectively.
Based on the maximum entropy principle and the
total derivative of energy in Eq. (3), the thermodynamic
equilibrium condition is obtained as
∇kT = 0, ε˙ij = 0,∇jπij = 0, πij = 0, Tg = 0. (6)
Once Eq. (6) is no longer satisﬁed, dissipative ﬂows
will occur in the three irreversible processes. Their con-
tributions to the bulk thermodynamic entropy produc-
tion rate R can be expressed as
R =
qk
T
∇kT︸ ︷︷ ︸
1©
+σIij ε˙ij︸ ︷︷ ︸
2©
+ ITg︸︷︷︸
3©
, (7)
where {∇kT, ε˙ij ,∇jπij , πij , Tg} are dissipative forces,
while
{
qk, σ
I
ij , Yi, Yij , I
}
are corresponding dissipative
ﬂows. Thus the Onsager reciprocal relations are writ-
ten as
(
qk/T
σIij
)
=
⎛
⎝ κik 0 00 ηIijlk 0
0 0 γ
⎞
⎠
⎛
⎝ ∇kTε˙kl
Tg
⎞
⎠ , (8)
where the second-order tensors and fourth-order tensors
have the following expressions
Aij = Aδij ,
Cijkl = csδikδjl + (cv − cs)δijδkl/3 +
c1(u
0
ijδkl + u
0
klδij), (9)
here, κik is the bulk heat conduction coeﬃcient, which
is related to the heat conduction coeﬃcient of the con-
stituent particles and the geometric characteristics of
their conﬁgurations. ηIijlk is the viscosity coeﬃcient due
to the deformation of the constituent particles, not par-
ticle displacements. For plastic particles, ηIijlk > 0; for
elastic particles, ηIijlk ∼ 0. Note that the γ term in
Eq. (8) will be explained shortly.
The corresponding granular entropy production
rate Rg is written as
Rg =
qgk
Tg
∇kTg+σgij ε˙ij+Yi∇jπij+Yijπij−ITg (10)
and⎛
⎜⎜⎜⎝
qgi /Tg
σgij
Yi
Yij
I
⎞
⎟⎟⎟⎠ =
⎛
⎜⎜⎜⎝
κgik 0 0 0 0
0 ηgijlk 0 αijkl 0
0 0 βik 0 0
0 −αijkl 0 λijkl 0
0 0 0 0 γ
⎞
⎟⎟⎟⎠ ·
⎛
⎜⎜⎜⎝
∇kTg
ε˙kl
∇lπkl
πkl
Tg
⎞
⎟⎟⎟⎠ , (11)
where the coeﬃcients κgik and η
g
ijlk represent the collec-
tive eﬀect of “heat transfer” and “viscous transfer” due
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to random collisions among the particles. The cross-
coeﬃcient αijlk describes the coupling between the dis-
sipative process of viscosity and the elastic relaxation,
while the negative sign is due to the deﬁnition of On-
sager reciprocal relations. Other cross-coeﬃcients are
ignored. The dissipative ﬂow Yi describes the plastic
deformation due to the diﬀusion of voids in a granular
system. Since voids in a granular system exhibit a spa-
tial heterogeneity, localization problems (both in stress
and strain) are related to Yi. Yij was ﬁrst introduced to
deﬁne the elasticity of polymers, and is a strong dissipa-
tion which can lead to a large plastic deformation. For
granular systems, Yij is an important dissipative pro-
cess which leads to the plastic deformation of granular
ﬂows as it provides the elastic relaxation.
All of the macroscopic physical quantities need to
be clearly understood. Our preliminary considerations
are:
• κgik is the conduction coeﬃcient of the granular
temperature Tg. Obviously, it is related to par-
ticles motions and the geometric characteristics
of their conﬁgurations. For rapid granular ﬂows,
Tg ∼ 〈u′2〉 and κgik ∼ ε˙ij ∼ Tg.
• ηgijlk is the viscosity coeﬃcient. In rapid ﬂows
ηgijlk = ρpd
2ε˙ij , where ρp and d are the density
and diameter of the constituent particles, respec-
tively. In slow ﬂows ηgijlk ∼ k1ρd3/2g1/2. k1 is
related to the packing fraction φ, surface friction
μ, and the restitution coeﬃcient.
• βik represents the irresistible deformation of par-
ticle positions due to local unbalancing stress.
This process is usually related to stress ﬂuctua-
tions, e.g. the so-called stick and slip phenomena
as clearly observed in experiments and numerical
simulations.
• λijlk indicates the elasticity relaxation process. If
the loading changes, i.e. more or less excitation
by granular temperature Tg, a more appropriate
and eﬃcient set of force chains or granular skele-
tons is instantly re-selected to establish a stable
stress state. During this adjustment process, some
elastic stress and strain will be converted into dis-
ordered kinetic energy wg and further dissipated.
• αijlk represents the contribution of elastic stress
in the contact area Ag to the apparent stress
A. According to the eﬀective stress deﬁnition,
σijA = πijAg, where we have σij = πijAg/A =
πij(1 − αijlk) in which αs = αv = αfnρ , fρ =
(1 − ρ)/(1 − ρlp), ρlp is the random loose pack-
ing density. Meanwhile, the contact deformations
around the contact points contribute only a very
small part to the total strain εij . Thus we have
uij = εij(1 − αijlk). Since α is introduced to de-
note the contributions of elastic stress and strain,
no dissipation is produced; it would be automati-
cally satisﬁed in the Onsager relations.
Fig. 3. Variation of entropy production rate R with axial
strain under a conﬁning pressure of σ1 = σ2 = 0.70 MPa.
• γ includes all of the contributions to heat produc-
tion in the above processes due to surface friction
and inelastic contacts during disordered particle
motion. This dissipation exists at Tg = 0; thus,
Tg is the driving force. γ can usually be simpliﬁed
with a linear function, such as γ = γ0 + γ1Tg.
Some of these quantities, such as entropy and its
production, the transport processes, and the related dis-
sipation ﬂux are abstract and diﬃcult to measure. As
to the determination of these transport quantities, they
must be found by careful observation of experimental
data, trial and error, or more systematically through
mesoscale considerations. The interaction laws would
greatly aﬀect these quantities. The normal Hertizan
contact law for linear elastic isotropic spheres is the-
oretically accurate (but only for static cases, strictly
speaking). There are serious lack of interaction laws
for other contact conditions. In principle, all interac-
tion laws must be physically based, and in majority
cases, experimental testing has to be used to establish
the required interaction laws for given granular parti-
cles (shape, size, surface roughness, material proper-
ties, etc.) and contact conditions (impact speed, applied
forces, etc). The classic Column friction law is gener-
ally accepted for modelling sliding friction between two
contacting surfaces. There are still outstanding issues
about how to correctly model rolling and spinning fric-
tion for circular/spherical particles. Zhou6 developed a
theoretical model for the normal collision between soft-
spheres on the basis of elastic loading of the Hertz con-
tact for compression process and a nonlinear plastic un-
loading for restitution one, and the behaviors of perfect
elastic, inelastic and perfect plastic collisions appearing
in the classical mechanics are fully described for coeﬃ-
cient of restitution from zero to unity.
A triaxial compression test is a common method to
measure the mechanical properties of granular materi-
als. GSH theory was employed to evaluate the steady-
state solution for energy dissipation R (see Eq. (7)).7 In
steady state, ∂tΔ, ∂tuq, v = 0; thus, κ
g
ik and βik are not
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considered. γ simply equals to Tg. The other parame-
ters used are B = 7 GPa, ξ = 5/3, λ = 2350(1−ρ/ρcp),
αs = αv = α = 0.7, λ0 = λ/3.3, α1 = 250(1 − ρ/ρcp),
λ1 = 0, ρcp is the random close packing density. From
Fig. 3, we can see that for the dense assembly, the en-
tropy production rate, R, has a peak value at peak
strength as ε = 3.8%, but for the loose assembly, R
monotonically increases until the critical state.
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